We propose to measure the Wess-Zumino anomaly contribution by considering angular distributions in the decays τ → ν τ ηπ
Introduction
With the experimental progress in τ -decays an ideal tool for studying strong interaction physics has been developed. In this paper we show that several decays can be used to test the Wess-Zumino anomaly [1] . It appears that the anomaly violates the rule that the weak axialvector-and vector-currents produce an odd and an even number of pseudoscalars, respectively. From its structure it can be seen that the anomaly contributes possibly to τ decays into ν τ + n mesons (with n ≥ 3). Of course the goldenplated decay is τ → ν τ ηπ − π 0 which has a vanishing contribution from the axialvector-current [2, 3, 4] . Therefore a detected ηπ − π 0 final state implies a nonvanishing anomaly. A recent measurement of its width [5] confirms the CVC predictions [3, 4] . In this paper we will present the most general angular distribution of the ηπ − π 0 system in terms of the vector current formfactor for this channel. Furthermore we demonstrate that also other decays modes into three pseudoscalars can be used to confirm (not only qualitatively) the presence of the Wess-Zumino anomaly. However, the most prominent decay channel into three pseudoscalars, i.e. π − π − π + , cannot be used since G-parity forbids the anomaly to contribute. Beside the ηπ − π 0 channel interesting candidates are the decay channels
Recently the corresponding branching ratios have been reconsidered [4] and it appears that the branching ratios alone are not sufficient to determine the presence of the anomaly. In the course of this paper we will show that a detailed study of angular distributions, as defined in [6, 7] , is well suited to extract the contribution of the anomaly. Our paper is organized as follows:
In section 2 we introduce the kinematical parameters which are adapted to the present experimental situation where the direction of flight of the tau lepton can not be reconstructed and only the hadrons are detected. Then we present, following [6, 7] , the most general angular distribution of the three hadrons in terms of hadronic structure functions. The dependence of the τ -polarization is included. By considering adequate moments in section 3 we show that all of the hadronic structure functions can be measured without reconstructing the τ -restframe. Section 4 is devoted to the hadronic model [4] encoded in the structure functions. We present explicit parametrizations of the formfactors for the decays into ηπ
The different parameters of the model have been moved to appendix A. Finally numerical results for the hadronic structure functions of the considered channels are presented in section 5, proving that an experimental determination of the anomaly is feasible. We anticipate our results and urge experimentalists to analyse the K − π − π + -channel which could contain radial excitations of the K * which can not be obtained in e + e − experiments.
Lepton Tensor and Angular Distributions
Let us consider the following τ -decay
where h i (q i , m i ) are pseudoscalar mesons. The matrix element reads as
with G the Fermi-coupling constant. The cosine and the sine of the Cabbibo angle (θ C ) in (2) have to be used for Cabibbo allowed ∆S = 0 and Cabibbo suppressed |∆S| = 1 decays, respectively. The leptonic (M µ ) and hadronic (J µ ) currents are given by
and
V µ and A µ are the vector and axialvector quark currents, respectively. The most general ansatz for the matrix element of the quark current J µ in (4) is characterized by four formfactors [7, 4] .
with
The Wess-Zumino anomaly which is of main interest in the present paper give rise to the term proportional to F 3 . The terms proportional to F 1 and F 2 originate from the axialvector-current. Together they correspond to a spin one hadronic final state while the F 4 term is due to the spin zero part of the axialvector--current. As it has been shown in [4] the spin zero contributions are extremely small and we neglect them in the rest of this paper, i.e. F 4 is set equal to zero. The differential decay rate is obtained from
where (1) is most easily analyzed in the hadronic rest frame q 1 + q 2 + q 3 = 0. The orientation of the hadronic system is characterized by three Euler angles (α, β and γ) introduced in [6, 7] . In current e
experiments two out of the three Euler angles are measurable. The measurable ones are defined by
where (â denotes a unit three-vector)
•n L = −n Q , withn Q the direction of the hadrons in the labframe,
•n ⊥ =q 1 ×q 2 , the normal to the plane defined by the momenta of particles 1 and 2.
Note that the angle γ defines a rotation aroundn ⊥ and determines the orientation of the three hadrons within their production plane. The definition of the angles β and γ is shown in fig. 1 . Performing the integration over the unobservable neutrino and the the unobservable Euler angle α we obtain the differential decay width for a polarized τ [6, 7] :
In (9) we have defined the invariant masses in the Dalitz plot
(where i, j, k = 1, 2, 3; i = j = k) and the square of the invariant mass of the hadron system Q 2 ≡ (q 1 + q 2 + q 3 ) 2 . The angle θ is related to the hadronic energy in the labframe E h by [8, 6, 7] cos θ = (2xm
Another quantity depending on this energy E h is
which will be of some interest in the subsequent discussion. Finally in the case where the spin zero part of the hadronic current J µ is zero (F 4 = 0 in (5)), XL X W X is given by a sum of nine termsL X W X with X ∈ {A, B, C, D, E, F, G, H, I} corresponding to nine density matrix elements of the hadonic system in a spin one state. One has [7] 
where
In (14) P denotes the polarization of the τ in the laboratory frame while θ and ψ are defined in eqs. (10, 12) . For LEP-physics (Z-decay) P is given by
with v τ = −1 + 4 sin 2 θ W and a τ = −1; while for lower energies P vanishes. In this case (for ARGUS, CLEO) (14) simplifies to
Note that the full dependence on the τ polarization P , the hadron energy (through θ and ψ) and the angles β and γ is given in eqs. (13) to (15). The hadronic functions W X contain the dynamics of the hadronic decay and depend in general on s 1 , s 2 and Q 2 . Let us recall that we are working in the hadronic rest frame with the z− and x− axis aligned alongn ⊥ andq 3 , respectively (see fig. 1 ). The hadronic tensor (5)) is calculated in this frame and the hadronic structure functions W X are linear combinations of density matrix elements which are obtained from
are the polarization vectors for a hadronic system in a spin one state defined with respect to the normal on the three meson plane in the hadronic restframe. The pure spin-one structure functions are
The r.h.s of eqs. (18) refers to the cartesian components of H µν . The structure functions can thus be expressed in terms of the formfactors F i as follows [7] 
where x i are functions of the Dalitz plot variables and Q 2 . One has
(21)
Here E i and q i refers to the components of the hadron momenta in the hadronic rest frame with
Note that the structure functions W B,F,G,H,I are related to the anomaly formfactor F 3 . In the following we will consider these structure functions in more detail.
Def inition of Moments
Equation (9) provides the full description of the angular distribution of the decay products from a single polarized τ . They reveal that the measurement of the structure functions W i and therefore the measurement of the anomaly formfactor
A possible strategy to isolate the various structure functions in (9) is to take suitable moments on the differential decay distribution [7] . Let us define
which yields
where the function Rc s (Q 2 ) has been defined by
Some comment are in order here:
• First note that after integration over the angles β and γ the preceding expressions are still dependent on P and E h (through θ and ψ) while the hadronic structure functions w X are functions of Q 2 .
• The sum w A + w B is closely related to the spin one part of the spectral function:
and we obtain the standard form for the total width
In our figures in section (5) we will present the functions Rc s (Q 2 )w X (Q 2 ) as well as numerical results for the hadronic structure functions itself.
In the next section we present an explicit parametrization of the formfactors which are used in our numerical simulations in order to test whether the anomaly can be measured experimentally.
Formfactors
In a recent paper [4] we have given an explicit parametrization of the form factors and compared successfully with measured widths. The physical idea behind the model for the formfactors can be resumed to:
• In the chiral limit the formfactors are normalized to the U(3) L × U(3) R chiral model.
• Meson-vertices are independent of momentum.
• The full momentum dependence is given by Breit-Wigner propagators of the resonances occuring in the different channels. Resonances occur either in Q 2 which are then three body resonances or in s i which are two body resonances.
Now we present our parametrization for the formfactors F i defined in (5) which fulfill all these requirements. First we present the formfactors induced by the anomaly
The parametrization of the ηπ − π 0 channel is obtained from e + + e − -data via CVC [3, 4] . It is given as a product of two functions describing the resonances in Q 2 and s i . The same Q 2 dependence (T
Of course the two-body channels have to be modified since they involve a ρ and a K * as well, we have included these contributions in T ρK * (s 2 , s 1 , α) [4] . The same function T ρK * also enters in the 
Note that G-parity forbids the axialvector current to contribute to the ηπ − π 0 -channel. In the axialvector channel we assume the dominance of a resonance in each channel, i.e. the A 1 and the K 1 in the ∆S = 0 and ∆S = 1 channel, respectively. The two-body channels are again parametrized by the functions T
(1) ρ and T
(1) K * . We have moved explicit expressions of these functions and all numerical parameters (taken from [4] ) to appendix A.
Numerical results
In this section we will present numerical results for Rc s (Q 2) · w X (Q 2 ) (defined in (22,25)) as well as for the hadronic structure functions w X (Q 2 ) separately for the different decay channels. We prefer to present both Rc s · w X and w X in order to show the effect of the phase space (included in the function Rc s ) while the hadronic physics is more visible in the plots for w X alone. Although by integrating over s 1 and s 2 we have lost information on the resonances in the two body decays we observe still interesting structures.
Let us start with the Cabibbo allowed decay τ → ν τ + ηπ − π 0 . As mentioned before this channel has a vanishing contribution from the axialvector current (G-parity) which implies that only w B is different from zero. A comparison of the data and our prediction for R c · w B and w B in fig. (2a,b) would be highly interesting, especially a confirmation of higher lying ρ resonances in T fig. (2a,b) ).
Next process is the Cabibbo allowed decay τ → ν τ K − π − K + which has contributions from both the axialvector and vector currents. Therefore all nine structure functions are different from zero. In fig. 3a we present the structure function combinations obtained from the 1 and (3 cos 2 β − 1)/2) moment. Note that a measurement of the differential decay width (proportional to 1 ) is not enough to separate w A and w B . We observe a sizeable effect of w B which makes a determination of F 3 possible. Note this sizeable effect is due to heavy ρ ′ resonances in the anomaly channel, which existence is predicted from the description of e + e − → ηππ. In order to get a feeling of the effects of the phase space in this channel we present the combinations w A + w B and w A − 2w B as well as the structure functions w A and w B in fig. 3b . The moments which measure the interference of the axialvector and vector-currents are presented in fig. 3c . The size of these moments is comparable to those in fig. 3a and the very peculiar shape would make them measurable too. For completeness we present the remaining moments in fig. 3d . Finally we discuss the Cabibbo suppressed decay
4a-d for the parametrization with T
K * in (30). Note that although this decay is Cabibbo-suppressed the moments are comparable in size to the
(suppression due to the mass of the supplementary kaon in the phase space is comparable to the Cabibbo-suppression). All moments of figs. 4a-d have a shape which shows the strong presence of the K 1 resonance in the axial channel. A measurement of the structure functions related to the anomaly seems very hard since F 3 is very small in this parametrization. Of course this unfavorable result could have been deduced since the contribution of the anomaly to the rate, as computed in [4] , was of the order of 1%. However, we should note that our parametrization of the anomaly form factor [4] includes only a K * , which can never be on mass shell, and therefore produces no strong enhancement. On the other hand in this channel we have no CVC prediction which could tell us if heavier resonances are present in this channel. In order to get a feeling for possible effects of heavier K * resonaces we propose the following parametrization which is ρ-channel inspired (see eq.41).
With this parametrization we obtain the results in figs. 5a-c. Note that fig. 4d is not changed.
For completeness we present the results of the total decay width Γ ηπ − π 0 , Γ K − π − K + and Γ K − π − π + normalized to the electronic width Γ e (Γ e /Γ tot ≈ 18%).
One has [4] Channel (abc) Γ
In view of this result we urge our experimental colleagues to study carefully this Cabibbo suppressed channel.
Conclusions
In this paper we have proposed to measure moments (eq. (23)) which allow to determine quantitatively the contribution of the Wess-Zumino-anomaly to τ decays into three mesons. We have considered the channels ηπ
We have shown that measuring the unique moment of ηπ − π 0 channel allows to verify the CVC prediction, especially the presence of heavy ρ excitations observed in e + + e − data [10] . In the K − π − K + channel we can define much more moments because of the interference of the anomaly with the axial vector contributions. In our prediction Fig. (2) the effect of the heavier ρ is again clearly seen.
The interest of the analysis of the K − π − π + is twofold: we learn something about resonances, first in the axialvector channel and second in the vector channel. We noted that in contradistinction to the Cabibbo allowed decays the vector channel for Cabibbo suppressed cannot be predicted through CVC from e + + e − -data.
A Parameters used in the formfactors
As stated in section 4 the formfactors are dominated by resonances. The effects of these resonances are described by functions BW P (Q 2 ), which are normalized (BW (0) = 1) Breit-Wigner propagators. We will use two kind of Breit-Wigners:
• energy-dependent width
The energy-dependent width (Γ R (s)) is computed from its usual definition.
• constant width
First we define the parameters which arise in the axialvector three-body channel: In the Breit-Wigner of the A 1 we use
where the function g(s) has been calculated in [9] 
This is because the decay of the K 1 is experimentally not well known.
The Cabibbo allowed vector formfactor is obtained from CVC and yields [10] T (2) 1 Definition of the polar angle β and the azimuthal angle γ. β denotes the angle between n ⊥ and n L . γ denotes the angle between the ( n L , n ⊥ ) plane and the ( n ⊥ ,q 3 )-plane. 
